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We continue the development of a systematic procedure for deriving closed string pp wave 
string field theory from the large N Berenstein-Maldacena-Nastase limit. In the present 
paper the effects of the Yang-Mills interaction are considered in detail for general BMN 
states. The SFT interaction with the appropriate operator insertion at the interaction 
point is demonstrated. 



1. Introduction 



The Berenstein-Maldacena-Nastase correspondence outlines a precise relationship be- 
tween large N Af = 4 super Yang-Mills theory and closed string theory in the ppwave 
background [|l|. This limit simplifies and extends the AdS/CFT correspondence [|J, @>@ 
and is a subject of detailed studies. Of particular interest is the derivation of pp wave 
string field theory from the Yang-Mills/matrix theory. 

In the present paper we continue the work begun in || (here after referred to as (I)) on 
developing a direct and systematic approach for mapping large N gauge theory to closed 
string theory. We have applied in I the methods of collective field theory and adapted 
them to the large iV BMN limit. The approach was described in the context of a quantum 
mechanical model. The essential feature of the collective field approach is the mechanism 
of joining and splitting (of loops) represented in an effective hamiltonian. Consequently 
the simplest example of obtaining string type interactions was seen to appear already 
from a free matrix theory. It was shown in particular that the SUGRA type amplitudes 
are correctly reproduced through the above mechanism. Likewise the 3-string overlap 
vertex was seen to naturally arise. In this approach the effect of Yang-Mills interactions 
is expected to renormalize the zeroth order expressions and we discuss this in the present 
work. 

The matrix model language was used essentially for notational simplicity. The matrix 
model contains the effects, which in our framework, are identical in the full gauge theory. 
It may also be that there is an effective matrix model description of the full pp theory and 
our result have shed light on this possibility. (For a most recent discussion of holography 
in the pp limit see||.) 

Our plan is as follows: In Sect. 2 we summarize the basics of the approach reviewing and 
extending the methods of I. In Sect. 3 we give a simple example of string type amplitudes 
and exhibit the manner in which Yang-Mills type interactions modify the basic couplings. 
We make use of a coherent state picture and describe a map between this and the physical 
picture of I. In Sect. 4 we then take these interactions into account concentrating on general 
string-type states. In the continuum BMN limit we derive the emerging 3-string interaction 
with the appropriate operator prefactor. We reproduce the spectrum of BMN loops in an 
appendix. 
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2. Collective field theory 

In this section, we give a general overview of collective field theory as applied to the 
large N limit of Berenstein, Maldacena and Nastase. This section defines the formalism 
and gives a short summary of the results reached in I. The collective method in general 
provides a systematic formalism for describing the dynamics of observable, physical degrees 
of freedom in a theory with large N symmetry. In gauge or matrix theory the physical 
observables are given by loops or traces of matrix products (words). The method then 
provides a direct change of variables to the invariant observables. The resulting effective 
or collective Hamiltonian describes the full dynamics of these invariants. The essential two 
terms that define the effective hamiltonian are the interaction terms containing joining 
and splitting of the loops. In J\f=4 SUSY Yang-Mills gauge theory we follow the degrees 
of freedom consisting of the Higgs fields: 0102 • • • 05, 06- In the proposal of Berenstein, 
Maldacena and Nastase two of the Higgs matrices (05,06) are chosen to play a special 
role , they are selected to define the light cone coordinates Z = 5 + i0 6 . The above 
matrix variables define a sector of the full theory that we are interested in. In addition we 
consider these as functions of time only, so that the dynamics reduces to matrix quantum 
mechanics. This gives a minimal set of fields that are capable of capturing the essential 
features of the BMN correspondence. 

We therefore concentrate on a complex multi-matrix system with a Hamiltonian that 
is invariant under 



In the large N limit, one then has a change of variables from the original Yang-Mills fields 
to the invariant loop variables denoted collectively by 0c, where C stands for a loop or 
word index. This index also includes complex conjugate loops 0c- One then considers a 
change of variables to this new set in the canonical operator formalism. Concentrating on 
the kinetic term, there follows 



Zi 



U ] Z,U Z t -> U^ZiU. 



The basic equal time variables are given by single trace operators 




(2.1) 
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T = -Tr (y = Y n(C 7 C')-L-^- +Y U (C)£- (2.2) 

with 

n( c, C ') = iv(gf^)=fi( C ', C ) 

and 

These two operations define the processes of joining and splitting. In particular fi(C, C") 
"joins" loops, or words. As an example, if (j>c = Tr(Zf) and (f>c = Ti(Zf ) then O = 
JJ'lk{Z(~ x Z(~ x ). In general, one has schematically 

where C + C" is obtained by adding the two words C and C . Similarly, u "splits" loops. 
Again, 

u{C) = Y J <l>c4c>> (2.3) 

represents the processes of splitting the word C into C and C" . The hermiticity of the 
new collective description is assured through a field transformation and this completes the 
hamiltonian[0. 

The non-triviality in applying collective field theory to multimatrix models comes 
from the enormous set of loops (words) that can be generated. For the present problem 
Berenstein,Maldacena and Nastase have identified a set of observables (traces) which have 
a mapping into the pp wave string. If we denote the BMN set of loops by C and their 
conjugates by C , the gauge theory process of "joining" (contained in 0(C, C')) generates 
new loops not in the original set. It the question of extra degrees of freedom that was first 
addressed and clarified in I. Consider the collective variables that have a direct relation 
with (lattice) string fields 

n 

$j({Z}) = Tt(T; H^Z^, <j>{k) = Z l *<f>Z~ 1 *, (2.4) 

i=l 
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with Ti the / ordering operator - it orders the <j>{l) factors so that U increases from left to 
right. We also have 



n 



(2.5) 



i=l 



Ti is a second / ordering operator - it orders the <j)(l) factors so that k decreases from left 
to right. 

The joining and splitting processes applied to these lattice string fields proceed as 
follows. One first has the open loop defined by 



j n 

pA{i})h = J2 T i{[U^- a ) zJ ~ 1 ] i ) 



a=l i=l J 



where we have U — a mod J so that < h — a < J — 1. Similarly 



n n 

QA{i})h = J2 T i{ II [<Kii-h)z J ] ) = 

A 1 _■ -1.-_Z._- ^3 



#M{*}) 



dcf) 
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3=1 i=\,i^j 

In terms of these split (open) loops we generate through the joining operation the com- 
posite, joined loop. In particular these are contained in the interaction of the collective 
hamiltonian through the composite trace O 



dZij dZji d<j>ij d<pji 

= Tr(P Jl ({/}) J P j2 ({/}))+Tr(Q Jl ({/})g j2 ({/})) 

Ji J2 ni n 2 

= s x> K n - a )) z^z^f, ( n Kh - &)) 

a=l b=l i=l 3=1 

ni 112 n\ n,2 

+EE Tr K n Hh-h^z^z^f^ n $<jj-imj) 

k=l m=l i=l,i^fc j = l,j=£m 

This composite trace involves mixed combinations of Z and Z which do not survive as 
excitations in the BMN correspondence. In I we have introduced a mechanism of factor- 
ization based on which we replace such new, unwanted loops by a sum of physical, BMN 
approved loops. Concretely, 

Tr {P Jx ({/}) Pj 2 ({/})) = C{ uj m ® J (M) 

J,{m} 



The coefficients (structure constants) in this relation can be generated by Schwinger-Dyson 
equations (as we have discussed in (I)). A more complete procedure for finding these 
coefficients is through consistency conditions obtained by taking expectation values of 
both sides of the equation. In this way they can be read of from the correlator 

(*j ({m^TriPj^Pjm))) 

to equal 



n tii n 2 n—\n\ — \ 

C Jj}j 2 = J l E E E I I EI S ( m ^+imodn ~ m K mod J, l q+im odn 2 ~ Tq Vdod J 2 ) 

k=1 1=1 q=l i=l j = l 

X 6(ll + j mo dn 1 — kmod J\ + l q +nmodn 2 ~ lq m °d <^2, lq+n+jmodn 2 ~ lq mod J 2) 
X Tnin\jn K n^n — l-modm h h — lmodni 

Similarly 

tt(q Ji ({i})QjM}))= E G<7*g }m *j (M) 

J,{m} 

with 



n ni ri2 n-1 ni-1 

G jJiJ 2 l}{l} = n i E E E I! II d( m K+iinodn - m K modJ,T q+ i mo dn 2 ~ Iqinod J 2 ) 

K = l 1 = 1 q = l i = l j = l 
X Sik+jmodm — kmodJl + Iq+nmodns ~ lq mod J 2 , l q + n +j modn 2 —l q mod J 2 ) 

x min\m K — Tn K —imodm h ~ h—imodmji 
is again most simply deduced from the correlator 

(*j ({m})Tr(Q Jl ({Z})Q Ja ({Z}))> 

The above sums appearing in C and G are equal and represent a form of a (lattice) three- 
string vertex \V®). In order to demonstrate that, let us consider the string states 

J\—l Til 

p=0 i=l 
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J-l n 

l^) = EII^m O ^|0) 

9=0 3=1 



J 2 — 1 ni 
r=0 fc=l 

these are in direct correspondence with our matrix theory fields (states) $ j ({m}), $ j x ({/}) 
and $j 2 ({/}) • 

The sums appearing in the matrix theory result correspond to reparametrizations that 
occur in the calculation of (ifji \ ('02 1 (V^l | V^ ) . The sum in C would appear in the above 
calculation if we fix one of the delta functions between string (2) and (3) and one of the 
delta functions between (1) and (3). This allowed us to write the part of our collective 
Hamiltonian coming from Hq as 

j,{i} j\i iJ 

£ £ (AJ + An) m {M {H |^,({/(»)}) * ' 8 

Jl,J2,J 3 

+ E E (AJ + An) (^| (H (H \V 3 °)$jA{l (1) })$jA{l i2) }) QQ f um) 

Ji,Ja,Ja {l^}, {Z( 2 >},{Z( 3 >} 1/3 ^ ^ 

where 

A J + An = Ji + n\ + J 2 + n 2 - J3 - n 3 

and \ipi) are the lattice string states associated with $^ ({/*}). The characteristic feature 
of this interaction is that it appears proportional to 1/N and exhibits the prefactor (E® — 
E® — E®). The occurrence of the energy prefactor was an early conjecture of||. It was 
explained in I in a specific example as resulting from a projection to light cone fields. It 
is expected that this form will be modified once Yang-Mills interactions are taken into 
account. 

We note that this interaction can be transformed away through a (nonlinear) field 
redefinition. The Hamiltonian H2 + H3 can be reduced (in leading order of 1/N) to Hi- 
Another way to understand this fact is to realize that in the creation-annihilation (coherent 
state) basis the free oscillator hamiltonian is first order in the derivatives and its collective 
representation in this basis is still a quadratic Hamiltonian 



H 2 = Y J E l A\{k})A({k}). 
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The nonlinear transformation 



+ ^c({i j },{i i }{i k })Wk})*H{h}) 

from coherent state fields to the physical collective fields relates the two represen- 

tations. The coherent state picture will in the next section provide the simplest framework 
for incorporating the effect of Yang-Mills interactions. 



3. Examples 

We will start by considering the g\ M effects of the dimensionally reduced Yang- 
Mills system and discuss simple, illustrative examples of corrections that this term gives. 
Consider the Hamiltonian 

6 / 02 \ 

i=l \ r'i / 

With 



0= 01+102) 1p = $3 + i(f>4, Z = 5 + Z0 6 , 

the interaction term in the above Hamiltonian is equivalently written as 

Hi = 9ym (\ [0, 4>] [0, 4>] + \ V>] [V, V 5 ] + \ [z, z] [z, z] 

+ l - [0, 0] fy, v] + \ [<P, 4>] [z, z] + l - ty, $\ [z, z] (3.1) 



[0, z] [0, z] - z] ty, z] - [0, v] [0, V] ) , 



showing the usual split into D and F terms respectively. Having in mind the passage to 
the infinite momentum frame, we work in a coherent state basis and project 

Z^A^ + B^A\ Z = A + B^^—. (3.2) 

We don't consider quanta. These quanta correspond, in the pp-wave string field theory, 
to modes with p + < 0. In the infinite momentum frame these modes decouple. 
For the complex impurity fields and we project 
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-f 6 t + d 
t/5 — > + e 



6 f , <£->6 + dt 



^ V C + e ^ — *■ TTT 



(3.3) 



This last projection ensures that our hamiltonian keeps us within the subspace of loops 
that are near to chiral primary operators. This truncation could be justified by appealing 
to supersymmetry. Here we follow a more pedestrian approach and justify the truncation 
by showing that the resulting hamiltonian reproduces the impurity number conserving 
amplitudes of the light cone string field theory vertex. We have also checked that the 
correct string mass spectrum (i.e. anomalous dimensions) is obtained to order 1/N 2 . 

An immediate consequence of the above reduction of degrees of freedom is that the D 
terms in (13.11) are trivial as a result of the commutator 



d 



t-3 







kl 



(3.4) 



We therefore arrive at the Hamiltonian 



» - -MP, A*] ^ ] + [ct, ^ [£, ^] + [tf, c t] [ JL JL]) (3.5) 

which can be recognized as the (dimensionally reduced) operator A — J in a coherent state 
basis. In obtaining this expression, we have subtracted the free terms in the Hamiltonian, 
which in the large J limit simply contribute an additive term equal to J. 

In I, we have already demonstrated agreement for a class of sugra states given by the 
loop variables 

Oi m = J2^{^ m Z J ). (3.6) 

The sum is over all possible permutations of the <p and ijj fields, that is, the above loop is 
a chiral primary operator. Based on the free part of the above hamiltonian the following 
interacting cubic hamiltonian was shown to arise 



tt 9 c r c VJ1J2J3 I n x \ I mi' 

tl — Z/i,Oj 1; J 2 _)_j 3 ni)n2 -|- n3 mi)m2 -|- m3 



n V ^2^3! V ^2^3! 

11 g -fmg 

Ji / VJi. 



^ 2 2 n /Ji n' j2 o /Ja 



(3.7) 
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The sugra amplitudes are special in that they do not seem to receive corrections from the 
Yang-Mills interaction. This is clear for their energies (i.e. anomalous dimensions) where 
non-renormalization theorems have been obtained. For the 3-point couplings one can also 
demonstrate an absence of corrections (in the leading order). Here we consider the next 
set of operators of interest, which contain stringy excitations and consequently do receive 
corrections from the Yang-Mills interaction. Let us concentrate on the subset of the full 
loop space consisting of the gauge theory operators 

O j = VJN j O j = Tr(A tJ ), 

J J 

Of = ^JN^Of = ^g i Tr(6 t (A t ) i c t (A t ) J - i ) = E^°<- 
1=0 1=0 

where0 q = e J + 1 . Begin by considering the action of H on the two impurities state 



j-i 



Hb J n = -^ u (2N[^(oU - of) + E q l (o? +1 - of)} 

1=1 1=0 

+X>'E &'{of^_ x - of j) + f>< J £ '-\o\xi^ - o\^) 

1=2 l' = l 1=0 l'=0 

+ X>'E 6"'-Ho{r l+t ' +1 - of-[ +l '^) + E ^ E" 1 o 1 ' (of-? - of- 1 ') 

1=2 l'=0 1=0 l' = l 

+ E q l o J - l (o l - o\) + E (td l (o J jil - of- 1 ). 



1=0 1=0 



By changing the order of the double summations, expressing Oi = J2 n e~ J + 1 Of /(J + 1), 
performing the intermediate sums, taking into account the normalization of the states and 
taking the large J limit, we obtain (y = — > ^j) 



H\of) = \w\of) - 92 \> e E ^v^(^r^) sin2(7rny)|0 -° J2) 

ji+j 2 =j m= _i 

(3.8) 

1 In the large J limit, the difference between J and J + 1 is inconsequential. We use J + 1 to 
simplify the transform between Oi and O^. 
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where A' and g 2 have their usual meanings 



g 2 YM N J 2 

As expected, apart from the diagonal term which gives the first string tension correction 
to the anomalous dimension, H provides a splitting of the impurity loop into two loops. 

Consider next the action of H on two loops Of^O j2 . Apart from the diagonal term 
and the splitting into a 3 trace state, this will exhibit the effect of joining loops Of^ and 
O j2 into a sine; le BMN state 0£ 1+J . This process is obtained when a derivative acts on 
O^l and the other on O j2 . Explicitly (J = J 1 + J 2 ) 



Ji-l Ji 

W2 



1=0 1=1 

Ji 

+ 2^2 «m ~ °l) + - °L+l)} + 3 traCe StateS 

1=0 

Again by re-expressing Of in terms of O^, performing the intermediate sums, taking into 
account the normalization of the states and taking the large J limit we obtain 



H\O^O j2 } = \'(— ^)|0£O j2 > + 3 trace states 

. V (3.9) 

' 1 sin (7my)\O n ). 



V7 V V \m-ny. 
There is another 2 impurity 2 trace state comprising of two loops of one impurity each 

Ol = ^N j + 1 O j 4> = Tr(&U tJ ), = ^N J + 1 0^ = Tr(cU+ J ). 

Inspection of ( |3.8|) shows that our Hamiltonian apparently does not split the single 2 
impurity trace into 2 single impurity traces. However, it can join the two single impurity 
loops 

J 2 -i 



H{d}6$) = -g 2 YM ( Yl [(°J-i ~ J-i-i) + ~ 

1=0 

+ £ [(of - Of +x ) + (Of +j2+l - oj 2+l 
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Carrying out steps similar to those leading to equations ( |3.8|) and (|3.9|) , we obtain 



J/2 8 

H\0£0£) = -g 2 X -7=sin 2 (nny)\0 J n ) + ... (3.10) 

T/O V J 

n= — J/2 

Combining the results (|3~8j), (|3.9|) and ( |3.10|) we obtain the following Hamiltonian acting 
on loop space 

H = \\8n 2 n 2 )0 J n ^j + E >! g 2 D n . my O J ^0 J - ^ 

n n,m,y n 



+ \'g 2 D y , n O J ' 



The coefficients can be read by inspection from equations (|3.8|), (|3.9|) and ( |3.10|) . In this 
coherent representation, we in general reach a Hamiltonian of the form 

H coh = £ EiA\Aj + E Diji A] A] A, + ^ F jUl A\A J A l (3.12) 

i ij I ij I 

which is not hermitean. The transformation from coherent to physical fields given in 
Section 2 reads 

A = 4 + ^ C im ^\ + i Cp;iq ^Vj- (3-13) 
It leads to an interacting Hamiltonian of the form 

h = e wtyi + E - ^ - ^) • + ^) ^MVi 

+ ^ E ( "(^ " ^ " ^) • + F iM ) 4^i- 

iji v ' 

For the example of three states denoted as (in what follows y=^j) 

of - VI, 
n 



(3.14) 



our transformation ( |3.13| ) makes use of the following results 



(0&0 J *\C>i) = g 2 C my , n = g 2 C n , my = (0 J n \0^0 J *) 
y 3 / 2 y/\ — y sm 2 (imy) 



92- 



yfjn 2 (m-ny) 2 ' 



(0 J 4> 1 0$\OJ) = g 2 C y , n =g 2 C n , y 



(oi\o£o#) 



-92- 



sin 2 (Trny) 



7T 



Cm, y Cy^ m . 



Some care must be exercised when computing these correlators, since the use of coherent 
states implies that one has a non-trivial inner product. These overlaps can equivalently be 
computed as correlators in the free matrix model in accord with the state operator map. 
As discussed in section 2, our transformation makes use of these correlators. The cubic 
contribution from ( |3.14| ) becomes 



\c n , qz (8ttV - 8n 2 ^ - ) i IV, 



+ 
+ 
+ 



-\c n , z (8n 2 n 2 - - 0) + D z 



+^C mm [{) + <S~ 2 /,r 



_> / + Um,qy 



-C m , y (8nm 2 -0-0) 



We then evaluate the coefficient in the respective couplings 



1 n (022 8n 2 q 2 \ ,2/2 q 2 \z 3 / 2 ^/T-i snr(nnz) 

:C n . az 8tt n ^— + D a , n = -4tt n 



2 n ' 9Z V z 2 J qZ,U V «V v/Jtt 2 (q-nz) 2 

1 II — z 8nz .9/ \ 
sm (imz) 



y/j V z (q — nz) 



= 8tv 2 I \l = — sin 2 (7rn^) 
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-a 



m,py 



57r 2 m 2 - ) + D miPy = 4n 2 C ' 



py,m 



m 2 - ^ ) + D 

y 



m,py 



VJtt 2 (p-myy \ y l J 



v7 



y \my — p 



sin 2 (-Kmy) 



8n< 



y 



sin (nmy) 



1 / 9 9 x „ / 9 9X / — sin 2 (7rn2;) 
-C n:2 (8ttV) +£> z>n = (-47r 2 n 2 ) ' 



Vj 



sin 2 (7r 77,2) 



= 8tt z 



sin 



{nrny) \ 



1 



y 



C y m (Sn 2 n 2 ) = 8n 2 ( Z^^l ) 



Collecting these couplings, we obtain 



with 



f(i) = f(i) 

n,my my,n 



1 — y sin {irny) 
y 2v / Jtt 2 



f (i) = f (i) 

n,y L y,n 



v7 



sin 2 (irny). 



These are indeed the cubic couplings generated from the pp wave SFT P|,||10|l,PH],|l2]l. 



4. Lattice Strings and The Vertex 

We have in sect. 2 and in (I) given the collective Hamiltonian corresponding to H$ and 
we now concentrate on H\. We start with the contributions to the cubic interaction. 
In what follows we will consider loops of the form 

n 

$ J ({k})=Tr(T l l[b(h)A J ^ : 

1=1 

where 
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bi = A l ^b ] A~ l \ 



The subscript / on b is understood as / mod J, so that we can assume this index is in the 
range < I < J — 1. The symbol T\ orders the b\ so that / increases from left to right. 
These loops correspond to the string states 

J\ — 1 rii 

|0;J). 

p=0 i=l 

In the continuum limit the sparse occupation of lattice sites becomes trivial. 

For simplicity, we focus on a single complex impurity. The cubic interaction is repre- 
sented as 



Hg*= £ ( g ,«E ({/c)».g ({.<»})) 8 8 

Ji,J 2 ,{/( 1 )},{/( 2 )} JlVl J; j2Vl J; 

where, because we have a single impurity, joining is generated by 

Towards this end, consider the following derivatives 

d$j({k}) 



(P{h}) 
j-i 

= Yl [TiY[b(h-amodJ)A J -^ , 



dA\ 3 

j-i 



a=0 1=1 



and 



'J 



n n 
k=l i=l,i^k ^ 



which produce 
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(if 1 $ Jl ({/ l (1) })$ j2 ({/f})) =g* M (Tr(tfAip 1 Q 2 ) -Tr(AWP 1 Q 2 ) +Tr(b^A^P 2 Q 1 ) 

- Tr{AWP 2 Qi) - TrfatfAiQi) + Tr {P 2 A^Q 1 ) - Tr(Pi6+A+Q 2 ) + Tr(P x A^Q 2 ] 

(4.1) 

for the loop joining terms. 

In I the free matrix model was seen to generate loop joinings that were reproducing 
the string field theory interaction vertex with the trivial energy prefactor (zeroth order in 
fj,). These free matrix model loop joining operations were associated with 

r r (p 1 p 2 ) = E c S { r ,,(f ' 2>) ^(«), 
J,{1} 

and 

= E G S5?*" H,m> M»). 

j,{i} 

Now from the action of ( |4.1| ) we will find another sequence of joining contributions to the 
full cubic interaction. As before we may again use our correspondence but this time with 
a different state from | V3 ) . However, in the continuum limit (large J) the new state will 
reduce to be \V®) multiplied by an insertion which will be shown to be, in combination 
to the effect of the field redefinition, precisely the large \i limit of the string field theory 
prefactor. Consider the term 



Tr(P^A^Q 2 ) = 

Ji — l n 2 — 1 / / ni \ / n 2 

EE Tr [Til[b{lV-a)A*-")bW I Tj J] Hlf -4 2) ) ] ^ ) = 

a=0 fc=l V V i=l / Y j=lj^k 

Jl — 1 n 2 - l / / ni \ I n 2 

EE Tr h n^ (i) - «) ^ - 1) *i n - 4 2) + jo ) ^ ji+j2t 

a=0 fe=l Y V i=i / Y i = 1 .i^ fc / 

(4.2) 

The summation in P\ reflects the averaging in order to have the physical state l^i): a part 
of the non-triviality of the above comes from Q 2 . We would expect the same to happen 
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with the second string variables after seen in the third string in the case of |Kj ). In this 
case we observe the necessity of the insertion b^\ Another factor comes from which 
gives an insertion b Ji __ 1 . From (|4.2| ) we can easily read off the appropriate state for this 



term to be, 

In exactly the same way we can argue for the following identifications 

Tr(P 1 A^Q 2 ) — > bf^bf V 3 ). 

The remaining terms follow 

Tr(P 2 6t^Q 1 ) = Tr(Q 1 P 2 b^A^) — > ^fcg-U-i \Vg) 
Tr(P 2 A^Q 1 ) = Tt(tfQ 1 P 2 A^) — > ft^ 35 ^ 3 ). 
Next we have the four remaining contributions. Consider 

Jl — 1 712 — 1 



Tr(6 t ^P 1 Q 2 )= ^ ^ Tr^^JJb^-a + l 

a=0 fc=l i=l 



3 = 1,3^^ 

After employing once more our correspondence we have 



where 



Sr^Jl-l , (3)t . (l)t , .(3)t ,(2)f 

|y 3 ° 1 )= e ^*=o b ^ b i b * b * | ) 123 



Similarly 



Tr(A^P 1 Q 2 )^b ( t ) H i ^\V 3 ° 1 ) 



Analogously 



Tr(b^A^P 2 Q 1 ) = Tt(Q 1 b^A^P 2 ) — ^ ^ 3 °2 
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where 



|y 3 ° 2 ) = e ^»=o • . ^ J=Jl ,+i | ) 123 

We are now ready to collect the contributions to the three string vertex and take the 
continuum limit. Let us recall the contribution from the free part of the Hamiltonian 

(E 3 -E 2 -E 1 )\V 3 °) 

This is essentially the result of I, but now we have the improved 0(A) corrected energies Ei 
in the prefactor multiplying V3 . This form is deduced from our free coherent Hamiltonian 
after performing the coherent physical space map. The relevant transformation given 
generally in sect. 3 by eqs. (|3.11| )-( |3.14|) . From the action of H\ we have generated eight 
terms. In the continuum limit, the difference between V 3l and V3 is negligible so the 
eight terms appear with the same 3- vertex: 

-»s?.i*-0 tf M +(»s»-»g»o <>r 

+ (*?>» -6?») 6g»+(6g»-6g» 1 ) b™]\V?) 
Altogether we therefore find the total matrix theory vertex comes with the prefactor 



V, 



Matrix 



where Ab stands for a finite difference. We now clearly see the leading effect of the Y- 
M interaction: first it induces a correction to the energies (dimensions) in the prefactor 
renormalizing the free matrix theory result ,in addition there are novel contributions to 
the prefactor . 

In the continuum limit these become operator insertions at the interaction point, in 
particular we get the derivative ^(O) 1 of the string creation coordinate at the interaction 
point. In order to demonstrate agreement with SFT now show that the SFT prefactor can 
be written in an identical form and PMatrix Psft- 

To perform the comparison consider the SFT prefactor fLT 



(r) 



11 



r=l n>0 ^ 



(r)f (r) _ (r)t 0) 



We can "separate" out an energy contribution to write it as 
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(1) (2) (3) 



n>0 

where 



ft = Z 



(r) 



Denoting the first term containing positive modes only by P + we have the 3-vertex 



+ 



M (2) M (3) 



W a™ N$«)}\V?) 



using 



one gets 



P+\V 3 °) = 2 , 
(l-/3) 3 /V 3 ) 



?v( 13 ) ^r-^ m+n + 1 /? 3 / 2 msin (^ W7r ) 

7T l J ^ m 2 /3 2 -n 2 

^(23) ^ 2 _ 3/2 m sin(/jm7r) 

7T l ' { P> (l-/3) 2 m 2 -n 2 



/? 3 /V 3 ) 



/i 2 Q;( 2 ) 2 

since we may use the expansion 



\m>0 / \n>0 / 

\m>0 / \n>0 / 



m>0 

and 



liy/2ica, r) ^ n \ \Ot(r)J \<*(r)JJ 



'V 27rQ! W m^O V m V«(r)/ "' V«(r). 

For all three strings we have: 
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-iron) - 6 (3)t (tt«i)) = 1 TT sin (^ m7r ) a ™ 



and 



2 (V 3 )^^) - ft^t'C-TTC*!)) (ft^t^-ft^t^ax)) 
a form predicted in our matrix model calculation. 



5. Conclusions 

We have in the present paper constructed the pp wave cubic SFT interaction from 
large N matrix theory using the Berenstein-Maldacena-Nastase limit. Even though this 
construction was performed at leading order in the Yang-Mills theory coupling constant, 
the method that we employ is generally not limited to weak coupling. We have concentrated 
on the sector of the theory generated by the Higgs (scalar field) degrees of freedom. This 
and the use of a matrix model language was for the purpose of notational simplicity. The 
construction can be extended to include fermionic fields of SUSY Yang-Mills theory and 
also states generated by the (covariant) derivatives of the Higgs fields. In the basic scheme 
that we presented the closed string theory cubic interactions are seen to be correctly 
generated. Most importantly we have seen how the correct prefactor or operator insertion 
at the interaction point is obtained from the large N matrix theory construction. There 
has been some debate on the form of the prefactor, our direct calculations provide a 
unique and well defined form. Apart from the extension of the present approach to include 
the fermionic and derivative degrees of freedom of the full Yang-Mills theory the most 
important future goal is that of presenting a derivation of the full nonperturbative SFT 
interaction. This implies an extension of the calculations done presently without the use 
of weak coupling methods. The collective field approach that we employ is in general not 
limited to weak Yang-Mills coupling, its application to various phases of large N has been 
demonstrated in past studies. For that reason its further study offers a possibility for the 
nonperturbative understanding of the gauge theory/string theory correspondence. 
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APPENDIX: Lattice Strings and The Spectrum 

In this section we consider in detail the quadratic piece of the collective field theory 
hamiltonian. This will be done fully with a goal of deriving the first quantized lattice string 
hamiltonian of BMN. We consider the case of a real impurity matrix coordinates and work 
in the coherent state basis. Consider the nontrivial contribution from the interacting piece 
of the matrix theory. It is given by 



j,{i} JVLJ/ 
where in the action of -Hi$j({/}) we concentrate only on the contribution linear in the 
collective field $. In the creation annihilation operator basis, we consider the action of 



where we have l\ ^ lj for i ^ j. The first term in our matrix hamiltonian produces at first 
order in N, 





We begin by considering the most general trace 




d d 




2N 



n / n 



VN J + n 



J 



i=l \ i=l 




J2 Tr Tl n bS(i,j) (!i -S(h3)modJ)b n i- s{l ' J \h)A iJ 
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This implies a contribution of the form 



J,{f j 

with ft co / being a first quantized lattice string operator. We see from the above that we 
have a contribution 



j-i 



i=0 

Next from the second and third term in Hi we find 



-M[4^>4])*3(tt}) 



n / n 



-== e t m ^ n bS(i,j) c* - * & w j ) & 

viv J +^. =1 V i=1 

AT n / n 

VTr T z rf6 ,5 ( l ^(/ J + 5(z,i)morfJ)6^- 5 ^'^(/ l )A tJ 



and 



9 nN „ N 



-Tr([6t,^t] [6t,__])$ }({ / i} ) = ___^ Tr ( T z 6 2 ( J + lmorfJ)n^(y^ 

n / n N 



AT " 



- 2^= £ Tr + 1 mod J) J] 6»* ft)^ J 

with the last term giving 
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n 



-j^= pTr - 1) n^- 25(i,i) (^)^ tJ 



N " ' 



j=l \ i=l 

n / n 

eM n 

7=1 \ i=l 



^ni-5(i,j)-5(i,j + l)^^^fj 



Collecting all contribution we obtain the first quantized lattice hamiltonian of the form 

j-i 

i=0 

(,t J,. . _i_ Jit 



+ + 6 T 6 . _ 26 T +i6 . _ 26 T 6 . +1 j . 

which is precisely what someone would get from h by neglecting the constant coming from 
b l+1 b\ +1 and hb]. This is recognized as the lattice BMN string hamiltonian 

j-i 2 J-l 



i=0 i=0 



with the understanding that as pointed out in]]]] the creation-annihilation operators are to 
be of Cuntz type. The physical basis behind these oscillators is the fact that the lattice 
sites should be sparsely occupied (i.e. not more than one oscillator at a lattice site). 
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